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ON THE SEMICONTINUITY PROBLEM OF FIBERS AND GLOBAL
F-REGULARITY
KAZUMA SHIMOMOTO
ABSTRACT. In this article, we discuss the semicontinuity problem of certain properties on
fibers for amorphismof schemes. One aspect of this problem is local. Namely, we consider
properties of schemes at the level of local rings, in which the main results are established
by solving the lifting and localization problems for local rings. In particular, we obtain the
localization theorems in the case of seminormal and F-rational rings, respectively. Another
aspect of this problem is global, which is often related to the vanishing problem of certain
higher direct image sheaves. As a test example, we consider the deformation of the global
F-regularity.
1. INTRODUCTION
Let f : X → S be a morphism of locally Noetherian schemes and let P be a property on
locally Noetherian schemes. Then we would like to investigate the following question.
LetU f (P) denote the set of all s ∈ S for which the base change scheme Xs ×Spec k(s) Spec L
is P, where Xs := f−1(s) is the scheme-theoretic fiber and k(s) → L is any finite field
extension. Then, is the set U f (P) open, closed, or constructible in the Zariski topology?
In fact, this problem has been investigated in many interesting cases. More generally, let
F be a coherent OX-module and let P be a property on coherent OX-modules. We set
UFf (P) = {s ∈ S | Fs := i
∗
sF is P for the inclusion map is : Xs →֒ X}
and then we can ask a similar question for UFf (P) as well. In these problems, the flat-
ness condition is often crucial in order to apply results from commutative ring theory. It
is interesting to know whether the main results in this paper are valid under the condi-
tion that a morphism is of finite flat dimension, since this case covers a local complete
intersection morphism (see [2] for related results). We also believe that they hold true
for a pair (X,D), where D is a Q-divisor of a variety X. The primary goal is to present a
systematic treatment for the semicontinuity problem.
Let ψ : R→ S be a ring map of Noetherian rings and let P be a property on Noetherian
rings. Then ψ is said to be a P-homomorphism, if it is flat and S⊗R L = S⊗R k(p) ⊗k(p) L
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is P for any p ∈ SpecR and any finite field extension k(p) → L (see Definition 2.2 below).
A Noetherian ring R is said to be a P-ring, if all of the formal fibers of R are P. The
localization problem is stated as follows [13, (7.5)].
Problem 1 (Grothendieck). Let ψ : (R,m) → (S, n) be a flat local map of Noetherian local
rings. Assume that R/m → S⊗R R/m is a P-homomorphism and R is a P-ring. Then is it true
that ψ is a P-homomorphism?
In fact, this problem has been investigated by many researchers extensively and pos-
itive answers have been obtained for the cases where, for example, P=Cohen-Macaulay,
Gorenstein, complete intersection, regular, reduced, normal, Serre’s condition (Rn), (Sn),
and so on. For a survey of these and other results, we refer the reader to [1]. The study of
P-rings and P-homomorphisms started with a grand project on foundations of abstract
algebraic geometry by Grothendieck in [13]. The lifting problem is stated as follows.
Problem 2. For a Noetherian local ring (R,m) together with a nonzero divisor y ∈ m, if P holds
for R/yR, then does P lift to R?
This problem has been established affirmatively in both trivial and nontrivial cases.
For example, when P=Cohen-Macaulay, this is trivial. Not obvious, but it is true that
the lifting problem holds for P=normal. Notably, the case of P=seminormal was recently
shown by Heitmann [18].
Our main purpose in this article is to show that the properties of general fibers can be
deduced from those of closed fibers for a morphism of schemes in both local and global
cases. Most of our results in this article are derived from the following theorem (see
Theorem 3.2).
Main Theorem 1. Suppose that f : X → Y is a flat morphism of finite type of Noetherian
excellent schemes and suppose the following conditions:
(1) P is defined at the level of excellent local rings;
(2) all excellent local rings have lifting property for P;
(3) the image of every closed point of X is closed in Y;
(4) fk(s) : X ×Y Spec k(s) → Spec k(s) is a P-homomorphism for every closed point s ∈ Y.
Then f is a P-homomorphism.
The conditions (1), (2) and (3) in the theorem are not so restrictive, while (4) assures
that P is stable under base change by a field extension on closed fibers. The condition
(3) is satisfied, when f : X → Y is a morphism between algebraic varieties defined over
an algebraically closed field, or it is a proper morphism. The requirement of finite type
in the theorem is attributed to the use of Chevalley’s theorem on constructible sets. The
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author believes that the finite type condition is unnecessary in those cases considered in
this article. We also note that a variant of the above theorem is proved by Grothendieck
in [13, The´ore`me 7.5.1], in which the result is stated for a local map of complete local
rings under the hypothesis that the residue field extension is finite. Marot [25] also ob-
tained some similar results in characteristic zero via resolution of singularities. Roughly
speaking, the importance of the above theorem is expressed by the equivalence of the
following conditions:
• U f (P) is a Zariski open set.
• f is a P-homomorphism and U f (P) is constructible.
The setU f (P) is defined as previously. The structure ofU f (P)was studied extensively
by Grothendieck [13] under the assumption that the morphism is proper (see also [9] for
a detailed list of this problem with citations from Grothendieck’s EGA). In fact, most of
the main results in this article hold for a going-up morphism of schemes. This is a class of
morphisms satisfying the going-up property for points of schemes. An important corol-
lary is Corollary 3.8 which is established by regular alteration. It will be interesting to
extend the main results of this article to the case of morphisms with finite flat dimension,
using the methods developed in [2].
So far, we have considered only local conditions. As to global conditions, we will
discuss the cases when P=arithmetically Cohen-Macaulay, or globally F-regular. These
notions are considered for projective varieties. In contrast to the local cases, we are not
able to reduce the proof to the level of local rings. Nonetheless, the global property of
a projective variety could be well understood by looking at the affine cone with respect
to a fixed embedding into a projective space. Among the main results, we mention the
following result (see Corollary 5.11):
Main Theorem 2 (Criterion for global F-regularity). Let X be a connected normal projective
variety over an F-finite field with dimX ≥ 2. Suppose that the following condition holds:
• There exists a generalized section ring R = R(X, E) that is Gorenstein such that there is
an injective R-module map R→ R
1
q ; 1 7→ c
1
q , Rc is strongly F-regular, where c ∈ R is in
no minimal prime of R, and its cokernel is a MCM module for some q = pe.
Then X is globally F-regular.
The notion of globally F-regular varieties was introduced and studied by Smith [33].
The above result is obtained via use of local cohomology and canonical modules in the
graded category. Throughout this article, an algebraic variety over a field k is always as-
sumed to be a geometrically irreducible, reduced and separated scheme of finite type
over k.
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2. PRELIMINARIES
Throughout this paper, we will assume that all rings and schemes are (locally) Noe-
therian. Let us recall the definition of P-homomorphisms for rings and schemes, which
was originally studied by Grothendieck [13]. Let p ∈ SpecR be a prime ideal. Denote by
k(p) the residue field of R at p. For a ring homomorphism ψ : R→ S, we use the notation
ψA to denote ψ⊗R A for an R-algebra A.
Definition 2.1. Let P be a ring theoretic property.
(1) We say that P is defined at the level of local rings, if the following condition is satis-
fied: P holds for R if and only if P holds for Rp for all p ∈ SpecR.
(2) Let X be a locally Noetherian scheme and assume that P is defined at the level of
local rings. We say that X is P, if P holds for all of local rings OX,x.
Assume that P is defined at the level of local rings. Then it is true that a locally Noe-
therian scheme X is P if and only if for every (or some) open covering X =
⋃
λ∈Λ Uλ,
where Uλ = SpecRλ, the ring Rλ is P.
Definition 2.2. ([13, (7.3.1)])
(1) Let ψ : R → S be a ring map of Noetherian rings. Then we say that ψ is a P-
homomorphism, if it is flat and if for any p ∈ SpecR and any finite field extension
k(p) → L, the Noetherian ring S⊗R k(p)⊗k(p) L is P.
(2) Let f : X → Y be a morphism of locally Noetherian schemes. Then we say that
f is a P-homomorphism, if f is flat and if for any x ∈ X, there exist open affine
subsetsU = SpecS ⊆ X and V = SpecR ⊆ Y such that x ∈ U, f (U) ⊆ V and the
associated ring map R→ S is a P-homomorphism in the above sense.
We will mostly consider P-homomorphisms when P is defined at the level of local
rings in this article. If ψ : R → S is a P-homomorphism and R → T is module-finite (not
necessarily injective), the base change map ψT : T → S ⊗R T is a P-homomorphism, as
the residue field extensions of R→ T are finite.
Let R be a Noetherian algebra over a field K. We say that a property P descends under
base change by a field extension of K, if R⊗K L is P for some field extension K → L, then
R is P. Recall that a field extension K → L is a finitely generated separable extension, if there
is a finite set of elements x1, . . . , xd in L such that K(x1, . . . , xd) is isomorphic to the field
of fractions of the polynomial ring K[x1, . . . , xd], and K(x1, . . . , xd)→ L is finite separable
in the usual sense. We refer the reader to [26] for separable extensions of fields.
Definition 2.3. Let {Kλ}λ∈Λ be an inductive system consisting of a field K and a family
of field extensions K → Kλ. We say that {Kλ}λ∈Λ is K-admissible, if we are given λ ≤ λ
′,
then Kλ → Kλ′ is a finite field extension, or a finitely generated separable extension.
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We note that Kλ → Kλ′ in the above definition can be a finite inseparable extension.
The following lemma is useful when one checks the property P by taking only finite field
extensions.
Lemma 2.4. Let R be a finitely generated K-algebra for a field K. For any K-admissible inductive
system {Kλ}λ∈Λ, assume that P is a property for which the following conditions hold:
• If R⊗K Kλ is P for every λ ∈ Λ, then R⊗K K
′ is P with K′ = lim
−→
Kλ.
• Assume that P descends under base change by a field extension of K.
Then the following conditions are equivalent:
(1) R⊗K L is P for any finite field extension L of K.
(2) R⊗K L is P for any field extension L of K.
Proof. For any field extension L of K, R⊗K L is a finitely generated L-algebra. It suffices
to show that (1) implies (2). Let K′ be any perfect field that is algebraic over K. Then
let us first show that R ⊗K K
′ is P. Since K′ = lim
−→K⊆k⊆K′
k, where k runs over all finite
subextensions of K′, it follows that the inductive limit R⊗K K
′ = lim
−→K⊆k⊆K′
R⊗K k is P.
In order to show that R⊗K L is P, taking the extension
R⊗K L→ (R⊗K L)⊗L K
′L ≃ (R⊗K K
′)⊗K′ K
′L,
it suffices to show that (R ⊗K K
′) ⊗K′ K
′L is P by the descent property of P, and hence
we may assume that K is a perfect field by replacing K′ with K in the above. Then by
recalling that any finitely generated field extension of a perfect field is separable and any
field extension of a perfect field is obtained as the inductive limit of such subextensions,
we find that R⊗K L is P by the inductive limit argument. 
As usual, let P be a property on Noetherian rings.
Definition 2.5. Let (R,m) be a Noetherian local ring. Then we say that R has lifting
property for P, if R/yR is P for a nonzero divisor y ∈ m, then so is R. We say that R has
specialization property for P, if R is P, then so is R/yR for any nonzero divisor y ∈ m.
In practice, there are many cases where both lifting and specialization properties are
known to hold for local rings. If one tries to consider these problems for non-local rings,
counterexamples usually do exist.
3. LOCAL PROPERTIES ON FIBERS AND SOME CONSEQUENCES
Let R be a reduced Noetherian ring such that the normalization map R → R is finite
(such a ring is called a Mori ring). For example, this property is satisfied by excellent
rings, which naturally appear in many applications. We will see that it is essential to
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reduce the proof of the main theorem to a simple case by a standard technique, then we
resort to topological arguments. First of all, we need the following lemma.
Lemma 3.1. Assume that (R,m) is a Noetherian local domain with dimR ≥ 2. Then for any
f ∈ R, the localization R[ f−1] is not a field.
Proof. We are easily reduced to the case of dimR = 2, under which we keep the hypoth-
esis. Then since the maximal ideal of R is just the union of all height one primes, we find
that there are infinitely many height one primes by the prime avoidance lemma. Then
if R[ f−1] is a field, it follows that the only prime ideal of R which does not contain the
principal ideal ( f ) is (0). But there are only finitely many height one primes containing
the ideal ( f ), we get a contradiction. 
We prove the first main theorem.
Theorem 3.2. Suppose that f : X → Y is a flat morphism of finite type of Noetherian excellent
schemes and suppose the following conditions:
(1) P is defined at the level of excellent local rings;
(2) all excellent local rings have lifting property for P;
(3) the image of every closed point of X is closed in Y;
(4) fk(s) : X ×Y Spec k(s) → Spec k(s) is a P-homomorphism for every closed point s ∈ Y.
Then f is a P-homomorphism.
Proof. Choose a point p ∈ Y. Let V be the Zariski closure of p. Since Y is a Noetherian
topological space, V contains a closed point q ∈ Y. Let U = SpecA ⊆ Y be an affine
open subset such that q ∈ U. Then we have p ∈ U. So we may assume that both X and Y
are affine by the condition (1). Let B be a finite type flat A-algebra such that X = Spec B
and Y = SpecA. Then we need to show that Ap → Ap ⊗A B is a P-homomorphism.
Now let R = Aq and S = Aq ⊗A B. Then we are reduced to showing that the flat map
ψ : R→ S is a P-homomorphism, where S is a finite type flat R-algebra. Assume that this
is false. Then since the closed fiber of ψ is P, using Noetherian induction, we may choose
p ∈ SpecR such that k(p′)→ S⊗R k(p
′) is a P-homomorphism for every p′ ∈ SpecRwith
p ( p′, while k(p) → k(p) ⊗R S is not. Let us replace the original ψ with R/p→ S/pS.
Let R′ be the integral closure of R in a finite field extension of the quotient field of R.
Then the induced map ψR′ : R
′ → S ⊗R R
′ fulfills the condition (4), because R → R′ is
module-finite. Now replacing R with R′, we may assume that R is a semilocal normal
domain.
Under the assumptions as above, it is clear that it is sufficient to show that the generic
fiber of ψ : R → S is P. Since R is an excellent domain, the regular locus Yreg ⊆ SpecR
is a non-empty Zariski open subset. We claim that the local ring SP is P for P ∈ SpecS
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such that p := R ∩ P is nonzero and p ∈ Yreg. In fact, since the maximal ideal p of Rp is
generated by a regular sequence, and since SP/pSP is P by hypothesis, it follows that SP
is P by the condition (2).
Now pick any P ∈ Spec S with R ∩ P = (0). To prove the theorem, it suffices to find a
prime Q ∈ Spec S such that
(3.1) R ∩Q ∈ Yreg, P ⊆ Q and R ∩Q 6= (0).
Let V denote the Zariski closure of the point P ∈ SpecS. We claim that the image
Z := f (V) for the map f : SpecS → SpecR contains a Zariski open subset. Indeed,
Chevalley’s theorem asserts that Z is constructible and contains the generic point (0) ∈
SpecR. Hence Z contains a dense open subset since SpecR is integral. We divide the rest
of the proof into two cases.
Assume first dim R = 1, in which case R is a semilocal Dedekind domain. Pick any
P ∈ Spec S such that R ∩ P = (0). Since the pull-back of every maximal ideal of S
is maximal in R by the condition (3), there exists Q ∈ SpecS such that P ⊆ Q and
q = R ∩Q is a maximal ideal of R. Applying the condition (2) again to the induced map
ψQ : Rq → SQ, it follows that the localization SP of SQ is P.
Assume next dimR ≥ 2. The intersection Z′ := Yreg ∩ Z is a constructible subset of Y
and (0) ∈ Z′, where (0) is the generic point of Y. This implies that Z′ contains a dense
open subset of Y. By shrinking Z′, we may assume that Z′ is an open subset of Y and we
claim that (0) ( Z′. Indeed, if (0) = Z′, the generic point (0) must be an open subset
of Y. This implies that there exists a nonzero element f ∈ R such that the localization
R[ f−1] is a field. However, this is impossible, due to Lemma 3.1.
By these observations, we can find a prime ideal Q ∈ SpecS satisfying (3.1). Thus, we
have shown the theorem in all cases. 
Remark 3.3. This theorem is useful when one wants to deduce certain properties of gen-
eral fibers from those of closed fibers. We state some corollaries as immediate conse-
quences of the main theorem. For the definition of seminormal rings and their basic
properties, we follow [11], where one finds interesting applications to singularities on
schemes and analytic varieties.
Corollary 3.4 (Localization theorem I). Let φ : R → S be a flat map of finite type of excellent
rings. Assume that P∩ R is a maximal ideal for all maximal ideals P of S and every closed fiber of
φ is geometrically seminormal over the corresponding residue field of R. Then φ is a seminormal
homomorphism.
Proof. The lifting property is due to Heitmann [18] and seminormality is a local property.
The corollary follows from Theorem 3.2. 
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Definition 3.5. We say that a local ring R (or a scheme X) is standard, if R (or X) is essen-
tially of finite type over a field.
All standard schemes are excellent. We use this terminology only in this article.
Corollary 3.6. Let f : X → Y and g : Z → Y be morphisms of algebraic varieties over an
algebraically closed field k such that f : X → Y is flat, every closed fiber of f is P, and Z is P.
Assume that:
(1) all standard local rings have lifting property for P;
(2) P is defined at the level of standard local rings;
(3) P has the property that if (R,m)→ (S, n) is a flat local map of standard local rings such
that R and all fibers are P, then so is S.
Then X ×Y Z is P.
Proof. Since k is an algebraically closed field, X ×Y Z is a k-variety and the base change
morphism f × idZ : X ×Y Z → Z is flat, which maps closed points to closed points
by Hilbert’s Nullstellensatz. The fiber of X ×Y Z → Z over a closed point z ∈ Z is
X ×Y Z×Z Spec k(z) ≃ X ×Y Spec k. So it follows from Theorem 3.2 that X ×Y Z → Z is
a P-homomorphism. Replacing X×Y Z → Z with the induced local map of local rings of
schemes, we use the condition (3) to conclude that X ×Y Z is P. 
Remark 3.7. Let P be one of the following properties: Cohen-Macaulay, Gorenstein,
locally complete intersection, regular, normal, or seminormal. Then the above corol-
lary holds for these cases. The lifting property in the above cases, except for the case
P=seminormal, which is due to Heitmann, is almost immediate from definitions. For
the seminormality for rings and its geometric side, we refer the reader to [11] and [35].
Note that seminormality also appears in the compactification problem of moduli spaces
of higher dimensional varieties [24].
For a scheme map f : X → Y, we use the following notation. We denote by U f (P) the
set of all scheme-theoretic points of Y such that y ∈ U f (P) ⇐⇒ Xy ×Spec k(y) Spec L is P
for Xy := f−1(y) and any finite field extension k(y) → L.
Corollary 3.8 (Semicontinuity principle). Suppose that f : X → Y is a proper flat morphism
of integral schemes of finite type over a field k and suppose the following conditions:
(1) all standard local rings have both lifting and specialization properties for P;
(2) P is defined at the level of standard local rings;
(3) the P-locus in every standard scheme is constructible;
(4) if R is a standard local ring over a field K, then R is P ⇐⇒ R⊗K L is P for every finitely
generated field extension K → L.
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Then U f (P) is Zariski open in Y.
Proof. First, we prove the corollary for the case when Y is a regular scheme. What we
need to show is that, if y ∈ Y satisfies the property that Xy = X ×Y Spec k(y) is P, then
there exists an open neighborhood y ∈ U such that every fiber over U is P and use the
condition (4).
Recall that a subset of a Noetherian scheme is open if and only if it is constructible and
stable under generalization. The base change map X ×Y SpecOY,y → SpecOY,y sends
closed points to closed points, since it is proper. Thanks to (1) and (2), X×Y SpecOY,y →
SpecOY,y is a P-homomorphism in view of Theorem 3.2. Then it suffices to show that
U f (P) is constructible. Let f (x) = y for y ∈ Y as above. Then the closed fiber of the
local map OY,y → OX,x is P and OY,y is regular by hypothesis, so we can lift P from the
fiber OX,x/mOY,yOX,x to OX,x by the lifting property of P. Let V ⊆ X be the maximal P-
locus. Then V contains the fiber Xy. By using (3), V is constructible. Let W denote the
complement of V in X. Let U be the complement of f (W) in Y. We find that U is the
maximal subset of Y such that the fiber over every point of U is P, as P has both lifting
and specialization properties. By Chevalley’s theorem, it follows that U is constructible.
Hence U is non-empty and open in the Zariski topology.
Next assume that Y is any integral scheme which is of finite type over k. Then by the
existence of regular alterations [6], there exist a regular integral scheme Y′ together with
a generically finite, proper map g : Y′ → Y and the fiber product diagram:
X ×Y Y
′ −−−→ Y′y
yg
X
f
−−−→ Y
To prove the general case, let y′ ∈ Y′ and let y = g(y′). Then we have (X ×Y Y
′) ×Y′
Spec k(y′) ≃ X ×Y Spec k(y
′), where k(y) → k(y′) is a finitely generated extension. Since
the fiber (X ×Y Y
′)y′ is the base change of Xy by a finitely generated field extension, the
condition (4) implies that Xy is P ⇐⇒ (X ×Y Y
′)y′ is P. As Y
′ is regular, we can find
an open subset U′ ⊆ Y′ as previously, and U := g(U′) is constructible. Then apply
Theorem 3.2 to conclude that U is open, as desired. 
Remark 3.9. All assumptions in the above corollary are satisfied more specifically in the
case of Cohen-Macaulay, locally complete intersection, and Gorenstein fibers. In fact, the
corollary holds for an arbitrary proper flat morphism of excellent integral schemes for
these cases at least in characteristic zero by the existence of desingularizations of quasi-
excellent schemes of characteristic zero proved by Temkin [34].
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In characteristic p > 0, there are distinguished classes of Noetherian rings defined via
the Frobenius map, which are studied in tight closure theory. It should be pointed out
that, as was shown by Fedder [7] and Singh [32], the lifting property fails for F-regular
and F-pure rings. One also cannot expect that tight closure commutes with localization
(see [3] for a counterexample to this problem). We refer the reader to [21] for an account
of tight closure theory.
Here, we state the localization theorem for F-rational rings, which admit lifting prop-
erty, and we do not require any essential part of tight closure theory for the proof. So
we only recall the definition. Let I be an ideal of a Noetherian ring R of characteristic
p > 0. Then the tight closure, denoted by I∗, is the set of all x ∈ R such that cxp
e
∈ I[p
e]
for e ≫ 0 and some c ∈ R not in any minimal prime of R. Then the tight closure I∗ is an
ideal containing I.
A (not necessarily local) Noetherian ring R of characteristic p > 0 is F-rational, if every
parameter ideal I of R is tightly closed. An ideal I is a parameter ideal if ht(I) = µ(I),
where µ(I) is the minimal number of generators of I. In fact, an excellent ring R is F-
rational if and only if the localization Rp is F-rational for all prime ideals p of R. The
following corollary partially answers a question of Hashimoto [15, Remark 6.7].
Corollary 3.10 (Localization theorem II). Let φ : R→ S be a flat map of finite type of excellent
rings of characteristic p > 0. Assume that P ∩ R is a maximal ideal for all maximal ideals P of
S and every closed fiber of φ is geometrically F-rational over the corresponding residue field of R.
Then φ is an F-rational homomorphism.
Proof. Let A be an excellent local ring. Then it is F-rational if and only if the m-adic
completion Â is so. Note that Â is a residue class ring of a Cohen-Macaulay ring. Then
we use this fact together with the lifting property for F-rational local rings [20, Theorem
4.2], so that F-rational excellent rings fulfill the hypotheses of Theorem 3.2. 
Finally, we prove the generic smoothness of the following form.
Proposition 3.11 (Generic smoothness). Let f : X → S be a proper flat morphism of Noether-
ian schemes. Assume that the fiber Xs = X ×S Spec k(s) is smooth over k(s). Then there exists
an open subset U ⊆ S with s ∈ U such that f : f−1(U)→ U is smooth.
Proof. To simplify notation, we use the same symbol x for a point in Xs or X. Note that
the sheaf of relative Ka¨hler differentials ΩX/S is coherent. Let dimx f denote the Krull
dimension of the fiber Xs at x ∈ X with f (x) = s.
According to [13, Corollaire 17.5.2 and Proposition 17.15.15], our assumptions imply
that there exists a maximal open subset Z ⊆ X such that ΩX/S is locally free over Z of
rank equal to dimx f at every point x ∈ Z, with Xs ⊆ Z. Let Zc be the complement of Z
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in X. Since f is proper, f (Zc) is closed and s /∈ f (Zc). Let U ⊆ S be the complement of
f (Zc). Then U is open in S and f : f−1(U)→ U is smooth, as required. 
4. SEMICONTINUITY OF GLOBAL PROPERTIES ON FIBERS
We consider the deformation problem for global properties on fibers for a morphism
of schemes. The global cases are often related to the vanishing of certain kind of sheaf
cohomologymodules. In particular, it is essential to relate the sheaf cohomologymodules
to the local cohomology modules.
We begin with notation for sheaf and local cohomology modules for graded modules
([14] and [10] as standard references), and Weil divisors with Q-coefficients on projective
varieties, which will be used throughout.
We will assume that the graded ring R =
⊕
n≥0 Rn is Noetherian with its irrelevant
graded ideal m =
⊕
n>0 Rn. For a graded R-module M, we put M(n) := M⊗R R(n) for
n ∈ Z, where [R(n)]i := Rn+i. We often consider the case where R0 = K is a field and
thus, m =
⊕
n>0 Rn is the unique graded maximal ideal. For a graded R-module M, we
denote by Him(M) the local cohomology module with support at m. So this is a graded
R-module. The canonical module KR is defined as the Matlis dual of H
dimR
m (R).
Assume that X is a connected normal projective variety over a field k. Let Div(X) be
the group of Weil divisors on X and let Div(X)Q := Div(X)⊗Q. Let ( f ) be the divisor
associated to a nonzero rational function f ∈ k(X), where k(X) is the function field of
X. We say that a Q-divisor E ∈ Div(X)Q is ample, if some multiple nE is an ample
Cartier divisor for some n > 0. For a Weil divisor D, the sheaf OX(D) is defined as a
subsheaf of the constant sheaf k(X) by assigning to each open subset U ⊆ X the set of
{ f ∈ k(X) | f = 0 or ( f ) + D ≥ 0 on U}. For E = ∑ rV ·V ∈ Div(X)Q, we denote by ⌊E⌋
the integral divisor ∑[rV ] · V, where [rV ] is the largest integer not exceeding rV . Then let
OX(nD) := OX(⌊nD⌋). Finally, let M (nD) := M ⊗O(nD).
Definition 4.1 (Generalized section ring). Let D be an ample Q-divisor on a normal pro-
jective variety X. Then the generalized section ring of X with respect to D is defined as
R = R(X,D) :=
⊕
n∈Z≥0
H0(X,OX(nD)),
where we put H0(X,OX(nD)) := { f ∈ k(X) | ( f ) + nD ≥ 0} ∪ {0}.
When D is an ample Cartier divisor, we simply say that R(X,D) is a section ring. Then
H0(X,OX(−nD)) = 0 for n > 0 and an ample Cartier divisor D on an integral projective
scheme by [14, Chapter III, Exercise 7.1], so we can take Z instead of Z≥0 as an index
set in the setting of section rings. If there is no danger of confusion, we simply write
the (generalized) section ring as R. The generalized section ring R(X,D) is a finitely
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generated algebra over a field H0(X,OX) and it recovers X, namely, an isomorphism
X ≃ Proj R(X,D) when X is a connected normal variety. Let K = H0(X,OX). Then
k ⊆ K is a finite extension of fields.
If M is a coherent OX-module, then
M :=
⊕
n∈Z
H0(X,M ⊗OX(nD))
is a graded R-module, and we have M˜ ≃ M , where M˜ denotes the associated OX-
module. The verification of this fact is easily reduced to the case of very ample Cartier
divisors, where the assertion is well-known, by taking the ”Veronese submodule” of M.
M is finitely generated over R under a very mild condition (see Lemma 4.2 below).
Let M be a finitely generated graded R = R(X,D)-module. There is an isomorphism
of graded R-modules:
⊕
n∈Z
Hi(X, M˜⊗OX(nD)) ≃ H
i+1
m (M)
for all i ≥ 1 (see [12, Corollaire 2.1.4] for Cartier divisors and [36, Proposition 2.2] for Q-
divisors togetherwith an identification R˜(n) ∼= OX(nD) in [36, Lemma 2.1]). Let f1, . . . , fd
be a homogeneous system of parameters of R so that m =
√
( f1, . . . , fd). For a graded
R-module M, the local cohomology Him(M) can be computed from the modified Cˇech
complex:
0→ M →
⊕
fi
M fi →
⊕
fi< f j
M fi f j → · · · .
Taking the graded components, we have [Hi+1m (M)]n ≃ H
i(X, M˜⊗OX(nD)) for i ≥ 1.
Lemma 4.2. Assume that X is a connected normal projective variety and M is a coherent OX-
module without associated components of dimension 0. Set
M =
⊕
n∈Z
H0(X,M ⊗OX(nD))
for an ample Q-divisor D. Then M is a finitely generated graded module over R = R(X,D) and
depthM ≥ 2.
Proof. Recall that there is an identification R˜(n) ∼= OX(nD) [36, Lemma 2.1]. Under our
assumption, M is finitely generated [10, Notation 5.1.4]. A part of the modified Cˇech
complex just yields the following exact sequence [12, (2.1.5.)]
0→ H0m(M)→ M →
⊕
n∈Z
H0(X, M˜⊗OX(nD))→ H
1
m(M)→ 0.
The middle map is an isomorphism by the definition of M. From this, it follows that
depthM ≥ 2, as desired. 
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The global properties defined on projective varieties are often related to the vanishing
property on certain cohomology modules. We show this first for arithmetically Cohen-
Macaulay (”ACM” for short) varieties.
Definition 4.3. Let X be a connected normal projective variety over a field k.
(1) We say that X is ACM (with respect to D), if the section ring R(X,D) is Cohen-
Macaulay for some ample Q-divisor D.
(2) Let M be a coherent sheaf on X. We say that M is ACM (with respect to D), if M
is a CM sheaf and if there exists an ample Q-divisor D such that Him(M) = 0 for
all 0 ≤ i ≤ dimX, where M :=
⊕
n∈Z H
0(X,M ⊗ OX(nD)) as a graded module
over R(X,D) with a graded maximal ideal m.
It is important to keep in mind that our definition is different from the usual definition
of ACM varieties. The usual definition says that X is ACM, if the homogeneous coor-
dinate ring of X with respect to some embedding into a projective space is CM. As the
current version is flexible, we take it as our definition.
Remark 4.4. (1) The CM condition is local, while the ACM condition is global. How-
ever, if X is ACM, it is locally CM; every local ring OX,x is CM [36, Remark (2.11)].
(2) Note that the ACM condition depends on the divisor D. When necessary, we shall
say that ”M is ACM with respect to D”. We also use the phrase that ”M is ACM
with respect to every ample Q-divisor”, when the ACM condition is satisfied for
every such divisor.
(3) By taking Veronese subrings (or submodules), it is shown that a sheaf M is ACM
with respect to some ample Q-divisor if and only if M is ACM with respect to
some ample Cartier divisor.
(4) If AssOX(M ) has a component of dimension 0, then M is, in general, not a finitely
generated R = R(X,D)-module. For example, take X = P1k and take M to be
the structure sheaf of a closed point of P1k. Then Γ(P
1
k,M (n)) = k for all n ∈ Z.
Hence M is not finitely generated over k[x] =
⊕
n≥0 H
0(P1k,O(n)).
(5) Let k be an algebraic closure of k. The ACM condition holds over M on X if and
only if the ACM condition holds over M ⊗ k on X × Spec k.
Definition 4.5. Let R =
⊕
n≥0 Rn be a Noetherian graded ring over a field R0 = k with
m =
⊕
n>0 Rn. Let M be a nonzero finitely generated graded R-module. Then we say
that R is a graded MCM module, if Him(M) = 0 for all i < dimR. Equivalently, every
homogeneous system of parameters of R is a regular sequence on M.
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By [4, (2.1.27)], a graded R-module M is graded MCM if and only if Mm is MCM over
Rm. In particular, a graded MCM module M is a CM module over R and we use this fact
in the proof of the next proposition.
Proposition 4.6. ([5, Proposition 2.1]) Let X be a connected normal projective variety and fix
an ample Q-divisor D on X. Then there is a one-to-one correspondence between ACM sheaves
with respect to D and graded MCM modules over R = R(X,D). This correspondence is given
by
M 7→ M =
⊕
n∈Z
H0(X,M ⊗OX(nD)).
Hence M is ACM with respect to D if and only if M is a graded MCM module over R.
Proof. It suffices to prove that if M is a graded MCM module, then M˜ is a CM sheaf.
Note that there exists an integer n0 > 0 such that the n-th Veronese subring R
(n) of R is
a standard graded ring over the field k = H0(X,OX) for every n ≥ n0. Let p be a graded
prime ideal of R not containing the irrelevant maximal ideal of R, and let M(p) be the
homogeneous localization. Then M(p) is a CM module over R(p). Since R(p) has a unit
element of degree one, we have R(p) = (R(p))0[T, T
−1] and so M(p) = (M(p))0[T, T
−1]
(see [10, Sublemma (5.1.3) and Lemma (5.1.10)]). From this description, (M(p))0 is a CM
module over (R(p))0. Thus, the sheaf M˜ is CM, as desired. 
We prove the following characterization of ACM sheaves.
Lemma 4.7. Let X be a connected normal projective variety and let M be a coherent sheaf on X
without associated components of dimension 0. Then the following conditions are equivalent:
(1) The OX-module M is an ACM sheaf.
(2) The OX-module M is CM and H
i(X,M ⊗OX(nD)) = 0 for some ample Q-divisor D,
all 0 < i < dimX, and all n ∈ Z.
Proof. We put M =
⊕
n∈Z H
0(X,M ⊗ OX(nD)). Then M is a graded module over
R(X,D). Under the notation as above, it follows that M ≃ M˜ and Him(M) = 0
for i = 0, 1 by Lemma 4.2. Hence, the lemma follows in view of the identifications
[Hi+1m (M)]n ≃ H
i(X,M ⊗OX(nD)). 
Remark 4.8. There is a characterization of ACM varieties in terms of the vanishing of
cohomology groups without twisting sheaves. Let X be a Cohen-Macaulay projective
variety. If Hi(X,OX) = 0 for all 0 < i < dimX, then there exists a Cohen-Macaulay
graded ring R such that X ≃ Proj(R). For the proof of this fact, see [10, (5.1.11)] and [33,
Proposition 6.1]. More generally, if E is an ample Cartier divisor on X, the ring R(X, E) is
CM if and only if X is CM and Hi(X,OX(nE)) = 0 for all 0 < i < dimX and all n ∈ N.
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The following proposition was originally proved in Grothendieck’s EGA (see [9, P.
579]) in the case that M = OX.
Proposition 4.9. Let f : X → S be a projective surjective morphism of Noetherian schemes
with equi-dimensional fibers. LetM be a coherent OX-module which is flat over S such that
Supp(M ) = X and P = CM. Then UMf (P) is Zariski open in S.
Proof. Every fiber of f is an equi-dimensional projective scheme over a field by assump-
tion. Moreover, since Supp(M ) = X, we have that Supp(Ms) = Xs for every s ∈ S
by Nakayama’s lemma. Now assume that Ms is a CM sheaf for some s ∈ S. Let D
be an f -ample Cartier divisor on X. Then Dt is an ample divisor on the fiber Xt for
all t ∈ S. Since Ms is assumed to be CM, we have Hi(Xs,Ms ⊗ OXs(−nDs)) = 0 for
all i < dimXs and n ≫ 0 by [23, Corollary 5.72]. We know that the fiber dimen-
sion t ∈ S 7→ dimXt is upper-semicontinuous by projectivity of f and the function
t ∈ S 7→ dimk(t) H
i(Xt,Mt ⊗ OXt(−nDt)) is upper-semicontinuous by projectivity of
f and flatness of M over S. Then there exists an open subset s ∈ U ⊆ S such that
Hi(Xt,Mt ⊗OXt(−nDt)) = 0 for all t ∈ U, i < dimXt and n ≫ 0. We compete the proof
of the proposition by [23, Corollary 5.72]. 
Theorem 4.10 (Semicontinuity of ACM sheaves). Let f : X → S be a projective surjective
morphism of Noetherian schemes whose geometric fibers are connected and normal. Fix an f -
ample divisor D. Let M be a coherent OX-module which is flat over S such that Supp(M ) = X
and P = ACM. Then UMf (P) with respect to D in the fiberwise sense is Zariski open in S.
Proof. Recall that the ACM condition is defined on a normal projective variety. By as-
sumption, if Xt denotes the fiber of f for t ∈ S, then the base change Xt × Spec k(t) is a
connected normal projective variety.
Assume that Ms is an ACM sheaf with respect to Ds for some s ∈ S. Then Ms is
CM. By applying Proposition 4.9, we may assume that Mt is CM for every t ∈ S by
shrinking S to its smaller affine open neighborhood of s ∈ S as above. Now by Lemma
4.7, we have Hi(Xs,Ms ⊗ OXs(nDs)) = 0 for all 0 < i < dimXs and n ∈ Z. Using
the upper-semicontinuity of the fiber dimension and the function: dimk(t) H
i(Xt,Mt ⊗
OXt(nDt)) (t ∈ S), it follows that there exists an open subset s ∈ U ⊆ S such that
Hi(Xt,Mt⊗OXt(nDt)) = 0 for all t ∈ U, 0 < i < dimXt, and n ∈ Z, which is the desired
conclusion by Lemma 4.7. 
The MCM condition on modules is closely related to F-purity of Noetherian rings of
characteristic p > 0. We refer the reader to [30, Theorem 4.4] and [31]. See also [15, The-
orem 5.8]. We will discuss the global splitting of the Frobenius morphism on a projective
variety in the next section.
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5. CHARACTERIZATION OF GLOBALLY F-REGULAR VARIETIES
As was mentioned in the last part of the previous section, it is expected that ACM
sheaves are closely related to the global F-regularity for projective varieties. As a clear ev-
idence for this, we obtain a characterization of global F-regularity in terms of the Cohen-
Macaulay property on the cokernel of a sheaf map defined by the Frobenius morphism.
We also establish the semicontinuity property along fibers.
We begin with recalling the definition of globally F-regular varieties, a class of varieties
introduced by Smith [33]. LetX be a projective variety over a field k of characteristic p > 0
such that [k : kp] < ∞. Every residue field of an algebra essentially of finite type over an
F-finite field is again F-finite.
Let us make some review on the splitting of maps between modules. Let f : M → N
be a map of modules over a Noetherian ring R. Then f is pure, if the induced map of
R-modules: f ⊗ id : M ⊗R K → N ⊗R K stays injective for every R-module K. If the
quotient M/N is finitely generated, then the splitting of f is equivalent to the purity of
f . Here is another useful criterion for purity.
Lemma 5.1 (Hochster-Huneke). Assume that (R,m) is either graded or Noetherian local ring
and E is an injective hull of the residue field of R. Let f : M → N be an R-module map, where M
is a finitely generated free R-module. Then f : M → N is pure if and only if the induced map of
R-modules f ⊗ id : M⊗R E→ N ⊗R E is injective.
Proof. We refer the reader to [21, Exercise 9.3]. There, the proof is given only for local
rings. However, as the injective hull exists in the category of graded rings, the lemma
holds for a graded ring (R,m) as well. 
Now let R be a reducedNoetherian ring of characteristic p > 0 such that R
1
p is module-
finite over R (such a ring is called F-finite). Then R is strongly F-regular if for c ∈ R not in
every minimal prime of R, the R-module map R → R
1
q sending 1 to c
1
q splits for q ≫ 0.
For more results concerning this notion, we refer to [19]. Here we only mention the
following:
Proposition 5.2 (Hochster-Huneke). Assume that R is a reduced F-finite Noetherian ring of
characteristic p > 0. Then the following hold:
(1) Any regular ring is strongly F-regular.
(2) R is strongly F-regular if and only if RP is strongly F-regular for every prime P of R.
(3) Let c ∈ R be any element such that it is not in any minimal prime of R and Rc is
strongly F-regular. Then R is strongly F-regular if and only if the map of R-modules
R→ R
1
q ; 1→ c
1
q splits for some q = pe.
Proof. All statements are found in [20, Theorem 5.5 and Theorem 5.9]. 
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In view of the above proposition, we say that a Noetherian Fp-scheme X is strongly
F-regular, if it admits an affine open covering, each of which affine piece is F-finite and
strongly F-regular.
Definition 5.3 (Smith). A projective variety X over an F-finite field is globally F-regular if
the section ring of X is strongly F-regular for some ample divisor D on X.
Globally F-regular varieties are arithmetically normal and ACM. Being globally F-
regular is really a global property. Even if every local ring of a variety is regular, it is
usually far from globally F-regular. Some basic properties are found in [33].
Example 5.4. Take R = Fp[X,Y,Z]/(X2 +Y3 + Z5), p ≥ 7 with the grading: degX = 15,
degY = 10, and degZ = 6. Then R is strongly F-regular and normal Gorenstein (see [19]
and [21] for similar examples). Moreover, as the direct summand of a strongly F-regular
domain is strongly F-regular, the Veronese subring R(d) is strongly F-regular. This fact
reflects Lemma 5.5 below. Globally F-regular varieties are a sub-class of Frobenius-split
varieties (see below for the definition). Recently, some connections between globally F-
regular varieties and varieties of Fano type have been clarified [8] and [29].
Let X be an Fp-scheme and let F
e
X : X → X denote the e-th absolute Frobenius morphism
with e > 0, which induces a morphism OX → (F
e
X)∗OX of OX-modules. This map is the
pe-th power map at stalks, while it is an identity on the underlying topological spaces.
Let D be an effective Cartier divisor on X. The natural sheaf map OX → OX(D) descends
to a morphism (FeX)∗OX → (F
e
X)∗OX(D). For the following lemma, see [33, Theorem 3.10]
and [16, Theorem 1].
Lemma 5.5. Suppose that X is a projective variety over an F-finite field k of characteristic p > 0.
Then the following are equivalent:
(1) X is globally F-regular;
(2) the section ring of X is strongly F-regular for any ample Cartier divisor D on X;
(3) there exists an ample effective Cartier divisor D such that X − D is strongly F-regular,
and the composed map:
OX → (F
e
X)∗OX → (F
e
X)∗OX(D)
admits a splitting for some e > 0.
In particular, if the above composed sheaf map splits for some e > 0, then it also splits
for all e′ ≥ e. A projective variety X is Frobenius-split [27], if OX → (FX)∗OX splits as a
map of OX-modules. This is equivalent to requiring that X admits a section ring which is
18 K.SHIMOMOTO
F-pure for some ample divisor on X. Clearly, globally F-regular varieties are Frobenius-
split. Moreover, if the section ring for some ample divisor is F-pure, then the section ring
for any ample divisor is also F-pure [33, Proposition 3.1].
Now let f : X → S be a morphism of Fp-schemes. Then there is the following natural
commutative diagram:
X
FeX/S
−−−→ X(e)
q
−−−→ X∥∥∥
y f e
y f
X
f
−−−→ S
FeS−−−→ S
in which the right square is cartesian and we define the e-th relative Frobenius morphism
FeX/S : X → X
(e) for X(e) := X ×S,FeS S.
Lemma 5.6. Let f : X → S be a morphism of Fp-schemes. Then FeX/S : X → X
(e) is a bijection
on the underlying topological spaces. Moreover, we have equality of stalks: ((FeX/S)∗F )y = Fx
for an OX-module F and y = F
e
X/S(x).
Proof. This is an easy exercise. 
To discuss the global F-regularity along fibers of a morphism of schemes, we need a
universal version of global F-regularity. By abuse of notation, we write FeX/k for F
e
X/ Spec k.
Let q : X(e) → X be the map defined as above.
Definition 5.7. Let f : X → S = Spec k be a projective variety, where k is an F-finite field.
Then X is globally F-regular of type k, if there exist an ample effective Cartier divisor D
such that for e≫ 0, X(e) − q∗D is strongly F-regular and the map of OX(e)-modules:
OX(e) → (F
e
X/k)∗OX → (F
e
X/k)∗OX(D)
admits a splitting.
Lemma 5.8. Let X be a projective variety over an F-finite field k. Then X is globally F-regular of
type k if and only if the variety XL := X ×Spec k Spec L is globally F-regular for any finite field
extension k → L.
Proof. Since q : X(e) → X is a finite flat morphism, the sheaf map of OX-modules OX →
q∗OX(e) splits. Suppose first that X is globally F-regular of type k and let k → L be a
finite field extension. Let ksep be the separable closure of k in L. Then Xksep → X is finite
e´tale. Using this fact, it is checked that Xksep is globally F-regular of type k
sep. By field
theory, ksep → L is purely inseparable. So we are reduced to the case that k→ L is purely
inseparable. We know that
(5.1) OX(e) → (F
e
X/k)∗OX → (F
e
X/k)∗OX(D)
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splits for e ≫ 0. Take sufficiently large e > 0 such that L is contained in k
1
pe . Then we
have a natural morphism qL : X
(e) → XL. Pushing OX → q∗OX(e) down via F
e
X/k, we get
a map (FeX/k)∗OX → (F
e
X(e)
)∗OX(e) due to F
e
X(e)
= FeX/k ◦ q. Since this map splits, there is
a map σ : (Fe
X(e)
)∗OX(e) → (F
e
X/k)∗OX that splits it. Next, tensoring OX → q∗OX(e) with
OX(D) and pushing it down via F
e
X/k, we get a map (F
e
X/k)∗OX(D) → (F
e
X(e)
)∗OX(e)(q
∗D)
by the projection formula. There is a map σ′ : (Fe
X(e)
)∗OX(e)(q
∗D) → (FeX/k)∗OX(D) that
splits it and compatible with σ. Now in view of (5.1), we have a commutative diagram:
OX(e) −−−→ (F
e
X(e)
)∗OX(e) −−−→ (F
e
X(e)
)∗OX(e)(q
∗D)∥∥∥ σ
y σ′
y
OX(e) −−−→ (F
e
X/k)∗OX −−−→ (F
e
X/k)∗OX(D)
Note that X(e) − q∗D is strongly F-regular for e ≫ 0 by assumption. Since the bottom
horizontal map splits by our assumption, so does the upper horizontal map. We conclude
that X(e) is globally F-regular. Let qL : X
(e) → XL be as above. Then since (qL)∗OX(e) is a
free OXL -module, it follows that XL is globally F-regular.
We prove the converse. Then X(e) is globally F-regular for any e > 0, because X(e) =
X × Spec k
1
pe . We may choose an ample effective divisor D on X such that X(e) − q∗D is
strongly F-regular and
(5.2) OX(e) → (F
e
X(e)
)∗OX(e) → (F
e
X(e)
)∗OX(e)(q
∗D)
splits for e ≫ 0. The requisite maps for constructing the diagram have been given in the
first step. Together with (5.2), we have a commutative diagram:
OX(e) −−−→ (F
e
X(e)
)∗OX(e) −−−→ (F
e
X(e)
)∗OX(e)(q
∗D)∥∥∥
x
x
OX(e) −−−→ (F
e
X/k)∗OX −−−→ (F
e
X/k)∗OX(D)
Since the top horizontal map splits by our assumption, so does the bottom horizontal
map. 
In view of this lemma, globally F-regular of type k is the same as the geometrically
globally F-regular over k. We prove the main theorem. First, we need some discussions
on the ubiquity on Gorenstein rings, which is due to Prof. K-i. Watanabe. Since he has
never published this idea, we explain it in detail. The author is grateful to him.
Proposition 5.9 (K-i. Watanabe). Let X be a connected normal projective variety over an al-
gebraically closed field k with dimX ≥ 2. Suppose that X is Cohen-Macaulay and satisfies
Hi(X,OX) = 0 for all 0 < i < dimX. Then there exists an ample Q-divisor E such that the
generalized section ring R := R(X, E) is Gorenstein.
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Proof. First we fix notation. Let E ∈ Div(X)Q. Write
E = F+ ∑
V
pV
qV
V,
where we assume F ∈ Div(X), (pV , qV) = 1 and qV > pV ≥ 1. Let E
′ := ∑V
qV−1
qV
V.
Choose an ample divisor H such that the divisor H − 2KX is very ample. Let X → P
n
k
be an embedding defined by the linear system |H− 2KX|. Then by Bertini’s theorem (this
is where we need dimX ≥ 2), we may find an irreducible subvariety V ∈ Div(X) such
that H − 2KX ∼ V and let E := KX +
1
2V, where F = KX and E
′ = 12V. Moreover, we
have H ∼ 2E. By Serre’s vanishing theorem and [23, Corollary 5.72], taking H as above,
sufficiently ample, we have Hi(X,OX(nE)) = 0 for all 0 < i < dimX and |n| ≫ 0.
Replacing H again with its high power, the assumption that Hi(X,OX) = 0 for 0 <
i < dimX shows that Hi(X,OX(nE)) = 0 for all 0 < i < dimX and n ∈ Z. Then
R := R(X, E) is Cohen-Macaulay in view of Remark 4.8. Moreover, since KX + E
′+ nE =
(n+ 1)E, we have KR ≃ R(1) by [36, Corollary 2.9]. So R is Gorenstein. 
Theorem 5.10. Let X be a connected smooth projective variety over an algebraically closed field
of characteristic p > 0 with dimX ≥ 2. Fix an ample effective divisor D and let
(5.3) OX → (F
e
X)∗OX → (F
e
X)∗OX(D)
be the composed map of OX-modules, together with its cokernel sheaf He. Assume further that
Hi(X,OX) = 0 for all 0 < i < dimX. Consider the following conditions:
(1) He is an ACM sheaf with respect to any ample Q-divisor for e≫ 0.
(2) The sequence (5.3) splits; that is, X is globally F-regular.
(3) He is an ACM sheaf with respect to any ample Cartier divisor for e≫ 0.
Then we have implications (1)⇒ (2)⇒ (3).
Proof. We first establish (2) ⇒ (3). Then from (5.3), the following exact sequence of
OX-modules:
(5.4) 0→ OX → (F
e
X)∗OX(D)→ He → 0
splits. Choose an ample Cartier divisor E. We want to show that He is ACMwith respect
to E for e≫ 0. We get a split short exact sequence:
(5.5) 0→ OX(nE)→ (F
e
X)∗OX(D)⊗OX(nE) → He ⊗OX(nE)→ 0
and the sheaves in the sequence (5.5) are coherent. The sequence (5.5) induces a long
exact sequence:
· · · → Hi(X,OX(nE))→ H
i(X, (FeX)∗OX(D)⊗OX(nE))
→ Hi(X,He ⊗OX(nE))→ H
i+1(X,OX(nE))→ · · · .
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By the splitting hypothesis, the map Hi(X, (FeX)∗OX(D) ⊗ OX(nE)) → H
i(X,He ⊗
OX(nE)) is surjective. Now we show that
(5.6) Hi(X, (FeX)∗OX(D)⊗OX(nE)) = 0
for all 0 < i < dimX, n ∈ Z and e ≫ 0. The pull-back under FeX gives (F
e
X)
∗OX(nE) =
OX(p
enE) and we have
Hi(X,OX(D+ p
enE)) ≃ Hi(X, (FeX)∗OX(D+ p
enE)) ≃ Hi(X, (FeX)∗OX(D)⊗OX(nE))
by [14, Chapter III, Exercise 8.2], together with the projection formula. Now we claim
that
Hi(X,OX(D+ p
enE)) = 0
for all 0 < i < dimX, n ∈ Z and e ≫ 0. Indeed if n > 0, then Serre’s vanishing theorem
gives the result. If n = 0, this follows from [33, Theorem 4.10]. Finally if n < 0, then since
OX(−p
enE) is ample, the divisor OX(−D − p
enE) is also ample for e ≫ 0. So applying
[33, Corollary 4.4], we have Hi(X,OX(D + p
enE)) = 0 for all i < dimX, which yields
the vanishing (5.6). Therefore, Hi(X,He ⊗ OX(nE)) = 0 for all 0 < i < dimX, n ∈ Z
and e ≫ 0. On the other hand, localizing the split exact sequence (5.4) at all points of
SuppHe and applying Lemma 5.6, the splitting of the sequence implies that He is a CM
sheaf. Hence He is ACMwith respect to E in view of Lemma 4.7.
We next establish (1) ⇒ (2). It suffices to show that the sequence (5.3) splits. We will
use the local duality for graded rings. By Proposition 5.9 together with the assumption
that Hi(X,OX) = 0 for all 0 < i < dimX and dimX ≥ 2, there exists an ample Q-divisor
E ∈ Div(X)Q such that the generalized section ring
R := R(X, E) =
⊕
n∈Z
H0(X,OX(nE))
is Gorenstein and X ≃ Proj(R). Let us put
M :=
⊕
n∈Z
H0(X, (FeX)∗OX(D)⊗OX(nE)).
Then to show that OX → (F
e
X)∗OX(D) splits, it suffices to show that the injective map of
graded R-modules: R→ M splits. Note that the sequence (5.5) stays exact, since OX(nE)
is an invertible sheaf.
We have
⊕
n∈Z H
1(X,OX(nE)) = 0 as seen in the proof of Proposition 5.9. Thus the
cokernel of the map R→ M is isomorphic to N :=
⊕
n∈Z H
0(X,He ⊗OX(nE)). Then we
have a short exact sequence of graded R-modules:
(5.7) 0→ R→ M → N → 0
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and N is a gradedMCMmodule over R by our hypothesis. According to Lemma 5.1, the
map (5.7) splits if and only if the induced map ER → M⊗R ER is injective, where ER is
the injective hull of the residue field of R.
By construction, R is Gorenstein and KR is free over R. Then the induced sequence
0→ KR → M⊗R KR → N ⊗R KR → 0
is short exact. Let d = dimR and let m be the graded maximal ideal of R. We have a long
exact sequence:
· · · → Hd−1m (N ⊗R KR)→ H
d
m(KR)→ H
d
m(M⊗R KR)→ · · ·
Then it follows that Hd−1m (N ⊗R KR) = 0 by the depth criterion for MCM modules, to-
gether with the fact that KR is a free R-module.
Now we can compute the injective map Hdm(KR) → H
d
m(M ⊗R KR). Since these are
top local cohomology modules, we see that it is equal to ER → M⊗R ER, due to the fact
Hdm(KR) ≃ ER (the isomorphism M⊗R H
d
m(KR) ≃ H
d
m(M⊗R KR) follows from the direct
computation for top local cohomology). Hence it is injective. So the sequence (5.7) splits
and X is globally F-regular, as desired. 
The author does not know if (3) implies (1). The reason for taking Q-divisors is that
it is necessary to find a Gorenstein ring as a generalized section ring. The following
corollary gives a criterion for global F-regularity in terms of the generalized section ring.
Corollary 5.11 (Criterion for global F-regularity). Let X be a connected normal projective
variety over an F-finite field with dimX ≥ 2. Suppose that the following condition holds:
• There exists a generalized section ring R = R(X, E) that is Gorenstein such that there is
an injective R-module map R→ R
1
q ; 1 7→ c
1
q , Rc is strongly F-regular, where c ∈ R is in
no minimal prime of R, and its cokernel is a MCM module for some q = pe.
Then X is globally F-regular.
Proof. We need to show that the section ring of X with respect to an ample divisor is
strongly F-regular. Let N be the cokernel module of R → R
1
q . Since R is Gorenstein, the
canonical module KR is free. Then applying the local cohomology functor to the short
exact sequence
0→ KR → R
1
q ⊗R KR → N ⊗R KR → 0,
we see that R → R
1
q splits by using the fact the R-module N is MCM and thus, R =
R(X, E) is strongly F-regular. Let m > 0 be such that mE is an ample Cartier divisor. By
taking the m-th Veronese subring of R, it follows that the section ring R(m) := R(X,mE)
is strongly F-regular. Hence X is globally F-regular. 
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Remark 5.12. It is interesting to try to extend our results to the pair (X,D), which is
important for applications. Some relevant ideas may be found in [29]. It is also interesting
to consider the splitting problem of OX(e) → (F
e
X/S)∗OX → (F
e
X/S)∗OX(D). The splitting
problem of OX(e) → (F
e
X/S)∗OX is addressed in [17] when X and S are affine.
Let f : X → S be a morphism of Fp-schemes with s ∈ S. Write Ms (resp. Ds) for the
restriction M |Xs (resp. D|Xs). Let (Xs)
(e) = Xs ×Spec k(s) Spec k(s)
1
pe and let (X(e))s denote
the fiber of f e : X(e) → S over s. Then we have (Xs)(e) ≃ (X(e))s canonically, which
we simply write as X
(e)
s . Finally, we prove the following corollary. A similar result for
Frobenius-split varieties is also known [22].
Corollary 5.13 (Semicontinuity of global F-regularity). Let f : X → S be a projective smooth
morphism of schemes of finite type over an F-finite field and let
P = globally F-regular of type k(s)
for s ∈ S. Then U f (P) is Zariski open in S.
Proof. Assume that Xs is globally F-regular of type k(s) for some point s ∈ S (the residue
field k(s) is F-finite). For an effective f -ample Cartier divisor D, consider the composed
map of OX(e)-modules:
OX(e) → (F
e
X/S)∗OX → (F
e
X/S)∗OX(D).
After shrinking S to a smaller open neighborhood, we may assume that all the fibers
of f : X → S are equi-dimensional and the dimension of every fiber is equal to d − 1.
Grothendieck’s theory of duality tells us that the relative dualizing complex f !OS has only
one nonzero homology and write it as ω f , which is locally free due to the smoothness of
f . Since f e : X(e) → S is smooth, ω f e is also locally free.
Let us interpret everything in terms of sheaf cohomology. Note that py : X
(e)
y → Xy
is finite flat and the sheaf p∗yOXy(nHy) ≃ OX(e)y
(nH
(e)
y ) is ample for any y ∈ S and an
arbitrary fixed f -ample effective divisor H on X. Let us consider the map:
R :=
⊕
n∈Z
H0
(
X
(e)
s ,OX(e)s
(nH
(e)
s )
)
→ M :=
⊕
n∈Z
H0
(
X
(e)
s , (F
e
Xs/k(s)
)∗OXs(Ds)⊗OX(e)s
(nH
(e)
s )
)
.
Since Xs is globally F-regular of type k(s) by assumption, the R-module map R → M
splits. Then as discussed in the proof of Theorem 5.10, we find that the following natural
map:
(5.8) Hdm(KR) ≃
⊕
n∈Z
Hd−1
(
X
(e)
s ,ωX(e)s
⊗ p∗sOXs(nHs)
)
→ Hdm(M⊗R KR) ≃
⊕
n∈Z
Hd−1
(
X
(e)
s , (F
e
Xs/k(s)
)∗OXs(Ds)⊗ωX(e)s
⊗ p∗sOXs(nHs)
)
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is injective for the dualizing sheaf ω
X
(e)
s
of X
(e)
s , where we use K˜R ≃ ωX(e)s
. Since the fiber
dimension of both f and f e is constant and equal to d− 1, it follows from Grothendieck’s
vanishing theorem [14, Chapter III, Theorem 2.7] that
(5.9) Hd
(
X
(e)
y ,ωX(e)y
⊗ p∗yOXy(nHy)
)
= 0
and
(5.10) Hd
(
X
(e)
y , (F
e
Xy/k(y)
)∗OXy(Dy)⊗ ωX(e)y
⊗ p∗yOXy(nHy)
)
= 0
for all y ∈ S.
Let p : X(e) → X be the natural projection. Then ω f e ⊗ p
∗OX(nH) is coherent and flat
over S. By (5.9), we can apply [28, Corollary 2 (i), P. 50] to yield an isomorphism:
(5.11) Rd−1 f e∗
(
ω f e ⊗ p
∗
OX(nH)
)
⊗ k(y) ≃ Hd−1
(
X
(e)
y ,ωX(e)y
⊗ p∗yOXy(nHy)
)
.
On the other hand, (FeX/S) is a flat morphism by the smoothness of f , so the sheaf
(FeX/S)∗OX(D) ⊗ ω f e ⊗ p
∗OX(nH) is coherent and flat over S. Then by (5.10), we can
apply [28, Corollary 2 (i), P. 50] to yield an isomorphism:
(5.12) Rd−1 f e∗
(
(FeX/S)∗OX(D)⊗ω f e ⊗ p
∗
OX(nH)
)
⊗ k(y)
≃ Hd−1
(
X
(e)
y , (F
e
Xy/k(y)
)∗OXy(Dy)⊗ ωX(e)y
⊗ p∗yOXy(nHy)
)
for y ∈ S. We note that p∗OX(nH) ≃ OX(e)(nH
(e)) is f e-ample. Let
⊕
n∈Z
Rd−1 f e∗
(
ω f e ⊗ p
∗
OX(nH)
) Φ
−→
⊕
n∈Z
Rd−1 f e∗
(
(FeX/S)∗OX(D)⊗ω f e ⊗ p
∗
OX(nH)
)
be the natural sheaf map. Then by (5.11) and (5.12), since the map (5.8) is injective, the
induced map Φ ⊗ k(s) is injective. This means that there exists an open neighborhood
s ∈ U ⊆ S such that Φ ⊗ k(y) is injective for y ∈ U by Nakayama’s lemma. Again by
(5.11) and (5.12), we find that
⊕
n∈Z
Hd−1
(
X
(e)
y ,ωX(e)y
⊗ p∗yOXy(nHy)
)
→
⊕
n∈Z
Hd−1
(
X
(e)
y , (F
e
Xy/k(y)
)∗OXy(Dy)⊗ωX(e)y
⊗ p∗yOXy(nHy)
)
is injective. Thus, the fiber Xy is globally F-regular of type k(y) by Theorem 5.10. This
completes the proof of the corollary. 
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